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A SUBSHIFT WITHOUT DOUBLY-ASYMPTOTIC POINTS
ALFONSO ARTIGUE AND LUIS FERRARI
Abstract. In this paper we apply the theory of interval exchange maps to
construct an example of an expansive homeomorphism on an infinite compact
metric space without doubly asymptotic points.
1. Introduction
Let (X, d) be a metric space. A homeomorphism f : X → X is expansive if there
exists c > 0 such that for all x, y ∈ X , if x 6= y then d(fn(x), fn(y)) > c for some
n ∈ Z. We say that x 6= y are asymptotic (doubly-asymptotic) if d(fn(x), fn(y))→
0 as n → +∞ (n → ±∞). From Utz article [4] it is know that every expansive
homeomorphism on a compact metric space has asympotic points.
Expansivity is a key property of hyperbolic sets and it is well known that such
systems present several doubly-asymptotic points, for instance, a homoclinic point
with its limit periodic orbit. Also, expansive homeomorphisms of compact sur-
faces, which are known to be conjugate to pseudo-Anosov homeomorphisms, present
doubly-asymptotic points. Moreover, all the examples we know of expansive home-
omorphisms on compact metric spaces which are not totally disconnected have
doubly-asymptotic points. Expansive homeomorphisms of totally disconnected
metric spaces are known to be conjugate to a subshift [1, Corollary 2.9] and con-
versely, every subshift is expansive.
In this article we construct a subshift without doubly asymptotic points. For
this purpose we apply some known techniques from the theory of interval exchange
maps. The existence of such kind subshifts is not new. In [2] King constructed dy-
namical systems with this and other properties. However, our construction follows
different techniques and seems simpler.
2. Preliminaries on interval exchange maps
In this section we recall some concepts and results from [3].
Definition 2.1. Let I = [0, 1), a0 = 0 < a1 < · · · < an = 1 and Ii = [ai−1, ai). A
map T : I → I is an interval exhange map if T is biyective and its restriction to
each subinterval Ii is a translation.
Remark 2.1. Every interval exchange map defines a permutation pT : {1, . . . , n} →
{1, . . . , n} such that T
(
Ip−1
T
(1)
)
< · · · < T
(
Ip−1
T
(n)
)
.
Definition 2.2. A permutation p : {1, . . . , n} → {1, . . . , n} is reducible if there exists
k ∈ {1, . . . n− 1} such that p({1, . . . , k}) = {1, . . . , k}.
Definition 2.3. An interval exchange map T : I → I satisfies the Keane condition
if for all m ≥ 1, Tm(ai) 6= aj for all i, j ∈ {0, . . . , n− 1} with j 6= 0.
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The proofs of the next results can be found in [3], see Propositions 3.2 and 4.1,
respectively.
Proposition 2.1. Let λi = ai − ai−1, for i = 1, . . . , n. If pT is irreducible and
{λi}i∈{1,...,n} are rationally independent, then T satisfies the Keane condition.
Proposition 2.2. If T satisfies the Keane condition, then T is minimal (i.e., every
orbit is dense).
3. The construction of the example
We construct the example as a subshift X ⊂ ΣZ, where Σ = {1, 2, 3}. On
ΣZ we consider the distance d(α, β) =
∑
i∈Z|α(i) − β(i)|2
−|i| and the shift map
σ : ΣZ → ΣZ, σ((α(i))i∈Z) = (α(i + 1))i∈Z. Let 0 < a < b < 1 be rationally
independent real numbers. Consider the interval exchange map T : I → I defined
as follows:
T (x) =


x+ 1− a if x ∈ [0, a),
x− a+ 1− b if x ∈ [a, b),
x− b if x ∈ [b, 1).
Define the three intervals I1 = [0, a), I2 = [a, b) and I3 = [b, 1).
Remark 3.1. Since the associated permutation T is irreducible and a, b are ratio-
nally independent, then T satisfies the Keane condition (Proposition 2.1) and T is
minimal (Proposition 2.2).
Define the itinerary map I : I → ΣZ as I(x) = (αk)k∈Z if T k(x) ∈ Iαk for all
k ∈ Z. We obtain the following commutative diagram
ΣZ
σ // ΣZ
I
I
OO
T
// I
I
OO
For α ∈ ΣZ define Xα as the closure of the orbit {σn(α) : n ∈ Z}. We say that
x ∈ I is regular if T n(x) /∈ {0, a, b} for all n ∈ Z.
Theorem 1. If x0 ∈ I is regular and α = I(x0) then Xα has infinitely many points
and the subshift σ : Xα → Xα has no doubly-asympotic points.
Proof. To prove that Xα has infinitely many points it is sufficient to show that I
is injective. Suppose that there exist x, y ∈ I, x 6= y, such that I(x) = I(y). Then
for all n ∈ Z, T n(x), T n(y) ∈ Ijn for some sequence jn ∈ {1, 2, 3}, n ∈ Z. Since
the restriction T ↾ Ijn is an isometry we have that d(T
n(x), T n(y)) = d(x, y) for
all n ∈ Z. If there are intervals (x, y) such that x, y satisfy the former, then by
Zorn’s Lemma we can consider (x, y) maximal with respect to the inclusion. Take
n ∈ Z such that (T n(x), T n(y)) ∩ (x, y) 6= ∅. From the maximality of (x, y) it is
not possible that (T n(x), T n(y)) 6= (x, y). Then (T n(x), T n(y)) = (x, y), and the
interval is periodic. This contradicts that T is minimal (Remark 3.1). Therefore,
I is injective and X has infinitely many points.
Note that the previous argument proves that two points in the orbit of α cannot
be doubly-asymptotic. It only remains to prove that there are no doubly asymptotic
points at the limit points. Let limk→∞ σ
nk(I(x0)) = α and limh→∞ σmk(I(x0)) =
β. It is possible that some of the points is the limit of negative iterations of the orbit,
for example α, but from minimality of T , we have that I(T nk(x0)) ↾ [−Nk, Nk] =
I(T γk(x0)) ↾ [−Nk, Nk], with γk ∈ Z+, and limk→+∞Nk = +∞. Then we can
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suppose that nk and mk are positive integers for all k. Taking subsequences if
needed we can suppose that
(1)
limk→+∞ T
nk(x0) = x,
limk→+∞ T
mk(x0) = y
and that these sequences are monotone. Let us show what happens when x is equal
to 1, a− or b−. Let I+ denote the positive part of the itinerary.
Case x = 1. If limk→+∞ T
nk(x0) = 1 then limk→+∞ T (T
nk(x0)) = 1 − b and
limk→+∞ I
+(T (T nk(x0))) = I
+(1− b). Also
limk→+∞ I
+(T (T nk(x0))) = limk→+∞ σ(I
+(T nk(x0))
= σ(limk→+∞ I
+(T nk(x0))
= σ(α ↾ [0,+∞)).
Then I+(1− b) = σ(α ↾ [0,+∞)).
Case x = b−. A similar argument gives us I+(1− a) = σ(α ↾ [0,+∞)).
Case x = a−. If limk→+∞ T
nk(x0) = a
− then limk→+∞ T (T
nk(x0)) = 1. Thus,
from the analysis of the first case (x = 1) we obtain I+(1− b) = σ2(α ↾ [0,+∞)).
Suppose that x = a− and y = a+. Notice that T 2(a−) = 1 − b and T 2(a+) =
T (1 − b). Since there are infinitely many positive iterates of 1 − b and T (1 −
b) belonging to different intervals we conclude that α and β are not positively
asymptotic. The case x = b− and y = b+ is similar, and allows us to obtain that α
and β are not positively asymptotic.
If x = y and the sequences in (1) are both increasing or decreasing then the
sequences {T lT nk(x0)}k∈Z+ , {T
lTmk(x0)}k∈Z+ converge to the same point for all
integer l. This implies that α = β.
If x = y = 1 − a (or 1 − b) and one sequence in (1) is increasing while the
other one is decreasing, reasoning as before with T−1 we have that α and β are not
negatively asimptotic.
The only cases that can generate different doubly asymptotic points are consid-
ered in what follows. Suppose that limk→+∞ T
nk(x0) = 1 and limk→+∞ T
mk(x0) =
a+. Arguing as before, in this case we have that σ(I−(a)) = α ↾ [−∞, 0)] and
σ(I−(T−1(a))) = β ↾ [−∞, 0)]. Since there are infinitely many negative iterates
of a and T−1(a) belonging to different invervals we conclude that α and β are not
negatively asymptotic.
Finally, suppose that limk→+∞ T
nk(x0) = 0 and limk→+∞ T
mk(x0) = b
−. As
before, we have σ(I−(b)) = α ↾ [−∞, 0)] and σ(I−(T−1(b))) = β ↾ [−∞, 0)], and
we conclude that α and β cannot be negatively asymptotic. This shows that Xα
has not doubly-asymptotic points and the proof ends. 
From the proof we have that in this subshift there are countably many pairs of
positively or negatively asymptotic points. Notice that Xα has not isolated points,
thus it is a Cantor set (with uncountably many points).
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